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A fixed-time, multiple-revolution Lambert’s problem is solved under given constraints. For N,, revolutions,
there exist 2V,,,,, + 1 mathematical solutions to Lambert’s problem. Unfortunately, not all of these solutions are
feasible. Practical solutions require that the perigee radius be greater than a minimum value (to avoid Earth-
impacting trajectories) and the apogee radius be lower than a maximum value (to avoid expensive changes in
eccentricity). In particular, short-path and long-path solutions require different considerations to discriminate
between the unfeasible solutions. A solution procedure for the semimajor-axis range is proposed that takes these two
constraints into account. Based on the semimajor-axis range, the solutions with a feasible number of revolutions can
be easily selected. The case of zero revolutions is also discussed, as the trajectory may be feasible even if not complying
with the bounds. Numerical examples show that the number of feasible solutions greatly decreases when considering

the constraints.

1. Introduction

HE two-point boundary-value problem, known as Lambert’s

problem (or Lambert’s theorem), is a fundamental problem of
astrodynamics. The problem consists of the determination of a
body’s orbit (conic section) given a specified time interval ¢, between
two position vectors r; and r,. Figure 1 shows the geometry of this
problem, where F is the primary focus, P, is the initial point, P, is
the final point, and 6 is the transfer angle between the two position
vectors ry and r,.

Battin [1] discussed Lambert’s problem in detail, and the solution
was geometrically found by Lagrange [2] (1778) and Gauss [3]
(1809). Lambert’s theorem [4] describes this problem using the sum
of r; + r,rather than r| and r, separately. Many other methods [5—8]
have been devised to solve Lambert’s problem. Of particular interest
is the method proposed by Avanzini [9], who provided a solving
technique using a simple iterative (Newton—Raphson) algorithm in
terms of the transverse eccentricity vector component.

The multiple-revolution Lambert’s problem was also discussed in
[1,8]. Prussing [10] indicated there are 2N,,,, + 1 orbit solutions,
where N, is the maximum number of allowed revolutions for
specified transfer time. For a two-impulse rendezvous using
multiple-revolution Lambert solutions, Prussing [10] obtained the
minimum cost solution by calculating all 2N, + 1 candidates.
Shen and Tsiotras [11] gave a method for determining the optimal
solution by calculating and comparing two candidates, at most.
Moreover, for the multiple-impulse, multiple-revolution rendezvous
problem, a hybrid optimization approach was proposed [12]. In
addition, He et al. [13] extended the analysis method proposed by
Avanzini [9] to the multiple revolutions case.
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Previous work in the literature concerning the multiple-revolution
Lambert’s problem did not consider any constraints on the transfer.
But in practice, the perigee altitude is usually required to be greater
than a minimum value £, ,,;, lowerbound, e.g., &, i, = 350 km). In
addition, the apogee altitude is usually required to be less than an
upper bound #,,,,. Considering these two bounds, the absolute
maximum number of solutions is 2N,,,, + 1. The classic approach
consists of calculating perigee and apogee altitudes for all the
2N . + 1 orbits and then rejecting those solutions that do not satisty
the bounds. This paper propose a different, simpler, and more univer-
sal method to remove the unwanted solutions.

This paper gives a solution to the multiple-revolution Lambert’s
problem with bounds. Based on the orbit categories defined by Shen
and Tsiotras [11], the characteristics about different orbit types are
first analyzed. Then the bound for the range of semimajor axis is
solved in detail. Based on the derived range for the semimajor axis, it
is easy to get the number of allowed revolutions and the final orbit
solutions. When there are zero revolutions, the trajectory may not
pass through the perigee or the apogee, so this case is discussed
separately. Finally, a numerical example is given showing that the
number of solutions greatly decreases when bounds are considered.

II. Multiple-Revolution Lambert’s Problem
A. Transfer Orbit Categories

Given two radius vectors r; and r, (relative to the focus F; at the
gravitational center of attraction), there are three orbit categories
defined by the location of the vacant focus [11].

1) The minimum-energy orbit is shown in Fig. 1, in which the
vacant focus F, lies on the P, P, line segment. In this case, the
semimajor axis of transfer orbit is

ey

where

d
S:M, d=1|r| —r
2
which is the length of the chord connecting P; and P,.

2) For a > a,,, the short-path orbit is shown in Fig. 2.

3) For the same value of a, the long-path orbit is also shown in
Fig. 2.

The vacant focuses in the short- and long-path orbits are F, and
F3, respectively, which are symmetric about the connecting line
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Fig. 1 Minimum-energy orbit.

Lo T TN |Longpath|

Fig. 2 Short-path and long-path orbits.

P, P,. As shown in Fig. 2 for a long-path orbit, F; and F3 lie on
opposite sides of the P, P, line segment, whereas for a short-path
orbit, F| and F, lie on the same side of the P, P, line segment. This
paper considers the short- and long-path transfer orbits only, as the
minimum-energy-orbit case is an extreme case in which the short-
and long-path orbits coincide.

B. Lagrange’s Equation of Transfer Time

From Lagrange’s formulation of the multiple-revolution
Lambert’s problem, the relationship between transfer time 7, and
semimajor axis a can be expressed as [10]

= \/f[ZnN + o — B — (sina — sin )] )

where p is the gravitational parameter, N is the number of
revolutions, and « and § are Lagrange’s parameters defined by

s s—d d
cosot:l—i and cosﬂ:l—v—:cosa—i—— 3)
a a a

Let cos™'(1—s/a)=0p€[0,n] and cos™'[l — (s —d)/d]=
Bo € [0, ], then from the geometric interpretation of the variables
a and B [14], two distinct cases are obtained:

1) If 8 < &, then for the short path, @ = &, and B = §,, while for
the long path, « = 27 — oy and = B, [see Eq. (2)].

2) If 6 > 7, then for the short path, « = 27 — oy and 8 = —f,,
while for the long path, « = «; and p = —f, [see Eq. (2)].

Figure 3 provides the transfer times for various values of N and
for r, =Ry + 800 km, r, =1.2r;, and 8 = /3, where Ry =
6, 378.13 km is the Earth radius. For each N, there are two solution
branches: the upper branch (dotted lines) and the lower branch
(continuous lines). The upper branch corresponds to long-path
transfers for 6 < 7 and to short-path for # > 7, while the lower
branch is associated with short paths for 8 <  and with long paths
for 6 > .

III. Unbounded Estimation of the
Number of Revolutions

This section provides an upper bound of N, that is N, associated
with an assigned value of the transfer time #,. Differentiating Eq. (2)
with respect to a gives

dt, 3 [a . 4sin’(ar/2) )
a—i\/g[ZNTE—FO(—Slna—m—ﬂ +S1n,3
4sin®(B/2)
reos03)

Since the number of solutions is 2N ,,, + 1, then for N = 0, there is
no solution associated with dz;/da = 0. This indicates that the
transfer time of the upper branch is monotonically increasing, while
for the lower branch, ¢, is monotonically decreasing. If N > 1, there
is a single solution of d¢;/da = 0 associated with the lower branch,
while no solution for the upper branch, as ¢, is monotonically
increasing. Hence, for the lower branch, the transfer time first
decreases and then monotonically increases.

For an assigned value of N, let a.;,y be the solution of
dt;/da =0, and let t,;, v be the associated transfer time. From the
inequality

“)

IninNpay = 1 < Tmin(Npa +1) (©)

the maximum number of revolutions, N,,,,, can be determined. Let
tuw,,, be the corresponding transfer time for the minimum semimajor
axis a,, and N = N,,. If

fr <ty

Q]

max

then two solutions for the lower branch associated with N = N, are
obtained. For an assigned value of 7, there are 2N, + 1 solutions
in total for the multiple-revolution Lambert’s problem [10]. The
example given in Fig. 3 provides N,,,, = 5; consequently, there are
11 solutions in total for the multiple-revolution Lambert’s problem.

10 T g
= Short-path orbit R
9F | Long-path orbit S N=5

gk 7 =R, +800km o

r,=12n RS
o 7f  0=mn/3 3
>
z
&
(]
g
8
a
&

Semi-major axis a (km)x10*
Fig. 3 An example for ¢, vs a.



ZHANG, MORTARI, AND ZHOU

IV. Conditions of Solution Existence

The 2N, + 1 solutions are mathematical solutions, as no bound
has been enforced on the problem. Feasible solutions require that
the perigee altitude be greater than a minimum value £, ;, (atmo-
sphere altitude) and an upper bound for the apogee altitude, A, .y,
to bound the orbit eccentricity, or an upper bound of the semimajor
axis, to bound the energy.

Perigee and apogee radii are

Rp = RE + hpmin and Ra = RE + hamax (7)

With no loss of generality, consider r, > r|. Two extreme cases can
be considered:

1) In the case when r is at perigee, the true anomaly of r; is
¢, =0, then r; = a(l — e), and
a(l — é?)

2= 1 4+ ecos ¢,

®)

where ¢, = 6 is the true anomaly of r,. Since r; = a(1 — e) then

r 1+e 2
—_ = 1
T 1+ecos6€[’1+cos0] ®

For those given r| and r, values not satisfying Eq. (9), P, cannot be
the perigee.

2) In the case when r, is at apogee, the true anomaly of r, is
¢, =, then ry =a(l + ¢). Following the analysis leading to
Eq. (9), the following expression is obtained:

4 1—e l1—e

o1 + ecos g, “T1—ccost

€0, 1] (10)

where ¢, =  — 0 is the true anomaly of r,. Equation (10) states that
P, can be the apogee for any r, > r;.

Thus, for some values of the perigee distance from the focus
R, <min{r,, r,}, there may be no orbit satisfying the boundary-
value problem, but for any value of the apogee distance from the
focus R, > max{r;, r,}, there must exist orbits satisfying the
boundary-value problem.

V. Eccentricity of Transfer Orbit
The eccentricity of the transfer orbit can be written as [10]

e=\/1—4(s_rld)2(s_r2)Sin2(a;ﬂ) (1)

Using Eq. (11) and the definition of angle variables, o and S, the
eccentricity becomes a function of only one parameter, the semi-
major axis of transfer orbit (see Fig. 4). In addition, the eccentricity of
the long-path orbit is greater than that of the short-path orbit for the
same semimajor axis and for any transfer angle 0 < 6 < 2.

Next, the curve characteristics of e are given. Differentiating
Eq. (11) with respect to a gives

de _(G=r)s—r)sn@+p1( o B
= o p (tan > + tan 2) 12)

The minimum is obtained from de/da = 0, which yields

sinfw+B)=0—>a+ B =kn (13)

o B\ _
tan (5) + tan (5) =0 (14)

from which the following relationships are obtained:

tan? (%) = tan? (g) —

or

l—cosa 1—cosp
1 +cosa 1+cosp

15)
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Fig. 4 Eccentricity as provided by Eq. (11) for r; = 7,178.137 km and
r, = 14,356.274 km.

Multiplying both sides of Eq. (15) by (1 + cosa)(1 + cos f), the
condition

cosa = cosf (16)

is obtained. However, Eq. (3) indicates that there is no solution for
Eq. (16). Therefore, Eq. (14) provides no solution for all transfer
orbits.

However, solving Eq. (13) shows that a = (r; + r,)/2 for the
short-path orbit, and there is no solution for the long-path orbit. So for
a short-path orbit, there is a single solution for de/da = 0; but for a
long-path orbit, there is no solution for de/da = 0. In addition,
Eq. (11) indicates thatlim,_, , .,e = 1 for all the transfer orbits, so the
solution @ = (r; + r,)/2 is the minimal value for a short-path orbit.

Finally, an example is given for the e(a) curve. Consider the case
with r; =7,178.137 km, r, = 14,356.274 km, and 6 = /3, with
R, = Rg +350 km and R, = Ry + 20,000 km as bounds con-
straints. The curve is plotted in Fig. 4. The figure shows that e is
monotonically increasing for a long-path orbit but there is a minimal
value for a short-path orbit. The area labeled (1) satisfies the bounds.
The range of semimajor axis is a € (ag, ag,) for a short-path orbit
and there is no solution for a long-path orbit.

The constraints on perigee and apogee give the areas of solutions
in the figure e vs a, which satisfy the bounds. Then, the range of
semimajor axis can be shown distinctly in the figure. In the following
sections, the exact value of the semimajor-axis ranges is derived.

VI. Lower Bound on Perigee Altitude

In engineering applications, the perigee altitude is at least greater
than a given minimum value. A lower bound can be given as

a(l—e)>R, 7)

Then the semimajor-axis range satisfying Eq. (17) is solved. This
gives

f=a(l-e)—R, (18)

Then inequality (17) becomes f > 0. Equation (11) shows that for the
same value of a, f of the short-path orbit is greater than that of the
long-path orbit. The condition f > 0 implies

R
1-—L>e (19)
a

Using the following trigonometric properties,
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2
cos(a + ) = coswcos B — sina sin B (20)

Gin? (a + ,3) L —cos(a + B)
)=

then squaring both sides of Eq. (19) gives
(&)2 _2&> _2(3 —r)(s— r2)[
d2

a a

I —cos(e+ B)] (1)

Substituting the value of « and B into Eq. (21) yields

[2—11?’ + (25— d)]a - (Rg’ + (s — d))

> ++/5(2a — s)[2a — (s — d)](s — d) (22)

where K = —2(s — r,)(s — r,)/d? < 0. In the above expression, the
— sign must be adopted for the short-path orbit and the + sign must
be adopted for the long-path orbit. Then let a; and a, (with a; < a,)
be two solutions of the following equation:

[2% + (2s— d)]a - (R%’ + s(s — d))

=+/sQa—s)(s — d)[2a — (s — d)] (23)

Squaring Eq. (23) gives

2R \2 4R
[( K”) + Kp 2s —d) + dzi|a2 + |:(4s3 — 6ds? + 2d%s)

L4R”+4 2d +R‘2’2+2R§( d) =0 (24)
X s a X Kss =0

where L = R% /K + s(s — d). For the above quadratic equation in a,
it is easy to get the solutions of a; and a,. Substitute the value of a;
and a, into the left side of Eq. (23) and calculate the values separately.
It is a solution for the long-path orbit when the value is positive and
for the short-path orbit when the value is negative.

The proof that f monotonically decreases for the long-path orbit is
presented. This condition implies

g=l—e—ad—2<0 (25)

for all values of a. Multiplying both sides of the above inequality by
(1 + e) gives

d
l—e<a(l + )55 (26)
da
Substituting Egs. (11), (12), and (20) into the above expression and
simplifying yields

2[1 — cos(a + B)] < sin(a + B) [tan(g) + tan (g)] % 27

Because e increases monotonically for a long-path orbit and e < 1,
inequality (27) is satisfied when

1 —cos(a + B) < sin(a + B) (tan% + tang) (28)

Rewriting inequality (28) gives

tan% + tan 2
1 —cos(a + B) < sin(a + ,3)# (1 — tangtané)

l—tan%tang 22
s LAY (- an%ean?
= sin(a + ) tan(2 —+ 2) (1 tanztan 2)
=[1 — cos(a + ﬂ)](l - tan%tan g) (29
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Fig. 8 Case 2b, a single solution for f = 0.
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Fig. 9 Case 3a, no solution for f = 0.
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Fig. 10 Case 3b, no solution for f = 0.

From the geometric interpretation given in [14] of the variables « and
B, the following ranges

o b4 B b4

— — —_ — <

5 € |:2,7r:| and > € [0, 2:| for0 <m
ge 0z and ée —ZO for 6 >
25172 25|72 =7

This implies that for the long-path orbit the following expression,
[1 —tan(e/2) tan(B/2)] > 1 30)

is satisfied for all values of a and all values of 6.

Using inequality (30), it can be seen that inequality (29) is satisfied
for any long-path orbit. So the curve f decreases monotonically for
any long-path orbit with any value of 6. Note that all semimajor axes
must satisfy a > a,, = s/2 for the transfer orbits, so there are three
scenarios to consider.

1) If a;, > a,,, then there are two solutions and two cases:

a) Both of these solutions are for the short-path orbit. In this case
(see Fig. 5), the condition a; < a < a, is obtained for a short-path
orbit and there is no solution for a long-path orbit.

b) One solution is for a short-path orbit and the other is for a
long-path orbit. This is shown in Fig. 6, where a,, < a < a, is
obtained for a short-path orbit and a,, < a < a, is obtained for a
long-path orbit.
2)If a; < a,, < a,, then there is a single solution and two cases:

a) A single solution is obtained for a short-path orbit. In this case
(see Fig. 7) a > a, is obtained for a short-path orbit and there is no
solution for a long-path orbit.

b) A single solution is obtained for a long-path orbit. This is
shown in Fig. 8, where a,, < a < a, is obtained for a long-path
orbit and all the conditions a > a,, are obtained for a short-path
orbit.

3) If a,, > a,, then there is no solution and two cases:

a) f > 0 for all the a > a,, (see Fig. 9);

b) f <0 for all the a > a,, (see Fig. 10).

Finally, the limit of f (fora — +00) can be obtained as it follows:

2

lim f= lim a -
a——+00 a—s+o0o | + e

((s—rl;#au — cos(o + ﬂ)]) — R,

_ _ ) —d
=_RP+W#”ETM(Q[1_(I_2)(IJa )
" K ) s\s—d ) s—d

(-0 )

=—Rp+(s_r131#(2s—di2\/m) (31

P

= lim
a—+00

In Eq. (31), the 4 sign must be adopted for a short-path orbit and the
— sign must be adopted for a long-path orbit.

VII. Upper Bound on Apogee Altitude

In addition to alower bound on the perigee altitude, there is usually
an upper bound on the apogee altitude. Suppose a constraint on the
apogee is expressed as

a(l+¢) <R, (32)
Letting
F=a(l+e¢)—R, (33)

then inequality (32) becomes F' < 0. Equation (11) indicates that the
F of the long-path orbit is greater than that of the short-path orbit for
any value of a. The derivative of F with respect to a is
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dF de
el nd 4
iz —I—e—i—ada (34)

Using the relationship between e and a and Eq. (12), the condition
dF/da > 0 is obtained for any a of long-path orbits, but for short-
path orbits, the value of dF/da is negative infinity for all values of 6
when a — aj};. The differential value of F is equal to 2 (positive) for
all values of 6 when a — +00, so there exists a semimajor axis
satisfying dF /da = 0.

In addition, the equation F' =0 gives an analogous quadratic
equation to Eq. (24) by only replacing R, with R,,. So there are two
solutions in total (a; and a4, with a; < a,). For any R, >
max{r,, r,}, there are two cases:

1) There are two solutions for F = 0: a; is for a long-path orbit,
and a is for a short-path orbit (see Fig. 11). In this case, the range is
a,, < a < a; for along-path orbit and a,, < a < a, for a short-path
orbit.

2) There are two solutions for F = 0: both are for a short-path
orbit, so the range is a3 < a < a, for a short-path orbit and there is no
solution for a long-path orbit (see Fig. 12).

Remark: For assigned values of r, r,, and 6, solving the f > 0
constraint gives arange of a, while solving the F' < 0 constraint gives
a different range of a. Then the intersection range of the above two

4 T T T T T

Short-path orbit
Long-path orbit

Functipn F (km)x10*

Semi-major axis a (km)x10*
Fig. 11 Case 1, two solutions for F = 0.

9 T T T T T

sl |— Short-path orbit |
""""" Long-path orbit ’

7 L -

Function F (km)x10*
~
1

Semi-major axis @ (km) x10*

Fig. 12 Case 2, two solutions for F = 0.

ranges (which are ag; < a < ag, for the short-path orbit and a;; <
a < ap, for the long-path orbit, where ag, and a;; may be a,, or no
solution, and ay, and a;, may be positive infinity or no solution) can
be computed.

With the intersection range of a for fixed transfer time ¢, the
allowed number of revolutions is solved and then all the feasible
solutions of a are calculated.

VIII. Solving for the Semimajor Axis
for Each Feasible Orbit

Lagrange’s transfer time given in Eq. (2) can be rewritten as

N(a) = %[\/ﬁtfa*”2 — (@ — B —sina + sin B)] (35)

For a fixed transfer time 7, the allowed number of revolutions N is
only a function of the semimajor axis. Performing the derivative of
Eq. (35), the following expression is obtained:

dNv 1 3 5 1 o B o
S -5/2 4 Z —_ Z_ —
P 271|: 3 Va4 P (tan 5~ tans —cosartan
+ cos Btan g):| (36)

FromdN/da = 0, the solution a,,,, can be obtained. Note that a,,,, is
a solution of the lower branch in the curve of ¢, vs a, so N is
monotonically decreasing for the upper branch (see Fig. 13). When
a = ap,, for the lower branch, the maximum number of revolutions
is given by

Ninax = [N (ama) ] @37

where the function | y| denotes the nearest integer less than or equal
to y. This is another method to solve for N,,,, apart from inequality
®).

Next, the allowed number of revolutions is solved for Lambert’s
problem with bounds. Assume that 6 < s, which implies no loss of
generality. The lower branch denotes the short-path orbit. In this
case, NN is monotonically decreasing for a long-path orbit and there is
a solution a,,,, of dN/da = 0 for a short-path orbit. Assume that the
solved ranges of semimajor axis are ag; < a < ag, for a short-path
orbitand a;; < a < a;, for along-path orbit. For the long-path orbit,
the range of N is

[N(a)1 =N = |[N(agy)l.

where the function [y] denotes the nearest integer greater than or
equal to y, and Z* is the set of positive integers. For the short-path
orbit, there are three cases:

NeZzZ* (38)

55 ‘ ‘
—— Short-path orbit
........ Long_path orbit
548 B | |
~ I
= I
5 o
S 546} P |
: L
c "“ =
2 5.44f Y i e |
E | },‘. }"2 = 12}’1
g o
&) | : O=r/3
5.42f | l f; =27-10% |
| R
a | a s
- | max ‘.

54 ‘ ‘
5083 594 595 596 597 598 599 6
Semi-major axis a (km) x10°
Fig. 13 Revolution number.
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D If ag; > ama, then [N(ag)] =N < [N(ag)] (N € Z%).

2) If agy < Apax, then [N(ag))] = N < [N(as,)] (N € Z7).

3) If dgs) = Amax = Aago, then [min{N(aSl)7N(a52)}-| = N =
[N(@max)| (N € Z7).

Based on the allowed number of revolutions, the solutions of the
semimajor axis can be obtained by Eq. (2) for each possible orbit.
Note that when inequality (6) is satisfied for N = N,,,,, there are two
solutions for a short-path orbit. One solution may not be included in
the range of (ag;, ag,), so in this case, it must be deleted from the
possible solution space.

IX. Discussion of N =0

Previously, a lower bound on the perigee altitude and an upper
bound on the apogee altitude have been analyzed. But when N = 0,
the trajectory may not pass through the perigee or the apogee and, as
such, it should be discussed separately. Define the magnitude of
radius vectoras r; = (1 — €?)/(1 4+ ecos ¢;), i = 1,2, and ¢; as the
true anomaly. Let ¢,o = cos™'[(1 —e?)/(er;) — 1/e] and @,,=
cos7![(1 — e?)/(er,) — 1/e]. Note that ¢, € [0, 7], @5 € [0, 7], sO
the true anomalies ¢;, ¢, can be obtained as follows:

D) If @39 — 19 =0 or 27 + ¢ — 919 = 0, then ¢; = ¢, and
P2 = Pao-

) If 27 — @0 — 19 = 6, then @) = ¢ and @, = 27 — @y

3)If 9y9 + @19 = 0, then ¢, =27 — ¢} and @, = @y.

DI~y + @19 =G or2m — @y + @19 = 0, then ¢, =27 — ¢y
and ¢, = 2 — @y

From the values of ¢, and ¢, the passage through the perigee or the
apogee can be verified. If it only passes through the perigee, then only
the lower bound has to be considered. If it only passes through the
apogee, then only the upper bound has to be considered. If it passes
through both perigee and apogee, then both lower and upper bounds
as previously derived must be considered. Note that for N = 0, the
proposed method indeed eliminates the unfeasible branches after
solving Lambert’s problem.

X. Numerical Example

Assume the initial magnitude of radius vector 7; = Rz + 800 km,
the terminal magnitude of radius vector r, = 1.2r;, and transfer
angle 6 = /3. Figure 3 gives the curve of transfer time as a function
of semimajor axis. For the fixed transfer time 7, = 2.7 x 10* s, there
are 11 possible solutions of the semimajor axis a.

Consider now bounds on both perigee and apogee. Consider the
case with R, = Rg + 350 kmand R, = Ry + 20, 000 km. Figure 7
shows the behavior of f(a). From Eq. (24) and f > 0 the condition
a > 8,273.5 km is obtained for a short-path orbit and there is no
solution for a long-path orbit. The figure F vs a is plotted in Fig. 11.
From Eq. (24) and F <0 the condition a,, < a < 16,777 km is
obtained for a short-path orbit and a,, < a < 13,553 km for a long-
path orbit. The final range is 8,273.5 km < a < 16,777 km for a
short-path orbit and no solution exists for a long-path orbit.
Substituting the range found for a into Eq. (38) and the short-path
orbit analysis gives the range of N as [1.2065] < N < [3.4524]
(N € Z") for a short-path orbit, so the final allowed numbers of
revolutions are 2 and 3.

When the revolution number is N =0, then the elements of
transfer orbit are a = 20, 052 km for a long-path orbit, ¢ = 0.9678,
and the true anomalies, ¢; = 148.25 deg and ¢, = 208.25 deg.
This means that it only passes through the apogee. Therefore, only
the upper bound must be considered. The above analysis indicates
that @ = 20, 052 km is not a solution for ' < 0 and, consequently, it
is not a solution for Lambert’s problem with bounds.

From Fig. 14 itis easily seen that there are only two solutions (with
large stars) for the multiple-revolution Lambert’s problem consid-
ering bounds. Both of these solutions are for the short-path orbit. The
maximum number of revolutions is 3; the minimum number of
revolutions is 2. When N = 2, the semimajor axis a = 11,956 km;
when N = 3, the solution a = 9,099.4 km.
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Fig. 14  Plot of ¢; vs a with bounds.

XI. Conclusions

In this paper a method for solving the multiple-revolution
Lambert’s problem with a lower bound on the perigee altitude and an
upper bound on the apogee altitude is proposed and numerically
tested. First, some characteristics (relationships and inequalities) for
short-path orbits and long-path orbits are analyzed and proved.
Based on these properties, the range of semimajor axes satisfying the
constraints is solved. The case of zero revolutions is separately
analyzed, as in this case, the transfer trajectory may not pass through
the perigee or apogee. An example is given showing that there might
be a substantial reduction of the number of solutions for the transfer
orbit when bounds are considered. For this reason, in order to deal
with just the feasible solutions, the proposed method finds several
applications in aerospace engineering optimization problems. The
multiple-revolution orbit determination problems, the n-impulsive
orbit transfer and rendezvous problems, as well as transfer trajectory
optimization problems are all typical problems in which the proposed
method can be implemented.
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